On a contribution of Freiman to additive number theory  by Fishburn, Peter C.
IOURNAL OF NUMBER THEORY 35, 325-334 (1990) 
On a Contribution of Freiman to 
Additive Number Theory 
PETER C. FISHBURN 
AT & T Bell Laboratories, Murray Hill, New Jersey. 07974 
Communicated b-v R. L. Graham 
Received June 1, 1989 
An elementary proof is provided for a claim of G. A. Freiman that if 261~4 
then there is a positive constant c such that, for every tinite set X of points in the 
plane, if every line in the plane contains fewer than c 1x1 points of ..I’, then the sum 
set X+ X contains more than i. 1x1 points. ‘c’ 1990 Academic Press. Inc 
1. INTRODUCTION 
The following claim, paraphrased from Freiman [ 1, p. 573, is regarded 
as an important contribution to additive number theory: 
CLAIM, If m E { 2, 3, . ..} and 2 <A < 2” then there are positive numbers 
c = c(m, A) and no = n,(m, A) such that, for every finite subset X of R” for 
which 1x1 > no, if IX+ XI < A (XI then IH n XI 2 c 1x1 for some hyperplane 
H in R”. 
Thus, if the sum set X+X is suitably small compared to the potentially 
large (>n,) cardinality of X, then a translate of some lower-dimensional 
linear subspace of R” contains at least c 1x1 points of X. The constant c 
depends on m and 1 but not on X, and the tightness of the claim is evident 
from the fact that it fails when Iz = 2”. For example, if X is an 
m-dimensional cube of equally spaced lattice points, say k on each edge, 
then 1x1 = k” and JX+ X1 = (2k - 1)” < 2” 1x1. But the greatest number of 
points of X in an (m - 1)-dimensional hyperplane is km-‘, and since the 
ratio of this to 1x1 approaches 0 as k gets large, no positive c satisties the 
claim’s conclusion. 
My use of claim is intended to suggest something between a conjecture 
and a theorem. Freiman does offer a proof of the claim [ 1,2], but other 
experts in additive number theory have found his proof difficult to under- 
stand and are presently trying to clarify the situation [4]. 
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The purpose of this note is to offer a different proof of the planar version 
of the claim that leaves no doubt of its validity for m = 2. My proof is 
elementary and requires no background in additive number theory. For 
convenience I work with the set of averages or midpoints A(X) = iX+ +X 
in place of the sum set, so (x, Y)EA(X) if there are (x’, y’), (x”, Y”)E X 
such that x= (x’+x”)/2 and y = (v’+ y”)/2. Note that XcA(X). Let 
a(X)= IA( = fir+ Xl. 
We strengthen Freiman’s claim slightly by omitting n,. 
THEOREM. Suppose 2 < 1~ 4. Then there is a c > 0 such that, for every 
finite XER2, ifjLnX[ <c JXJ for every line L in R2 then a(X)>1 1x1. 
The proof appears in the next two sections. We then conclude with 
remarks for m > 3 and for c. 
2. PRELIMINARY LEMMAS 
Henceforth n = 1x1 with n > 2. Our proof of the theorem begins by 
decomposing X into layers whose points are contained in perimeters of 
convex polygons. We then count the numbers of points of A(X) that must 
lie within each layer and between successive layers. 
Given finite X in the plane, let P, be the perimeter of the convex hull of 
X, for each k> I let Pk+, be the perimeter of the convex hull of 
X\(P, u . . . u Pk), and let K=max(k : Pk # a}. This yields a nested 
sequence PI, P2, . . . . P, of perimeters of convex polygons the innermost of 
which, PK, could be a line segment or a single point. We refer to Pk as 
two-dimensional if its convex hull has a nonempty interior; otherwise it is 
one-dimensional. Every Pk for k < K is two-dimensional. 
By presuming with no loss of generality in the theorem that c < 1, we 
rule out the case in which K = 1 and P, is one-dimensional. Henceforth, 
either Ka 2 or else, if K= 1, P, is two-dimensional. 
By construction, every point in X is in exactly one of P, through PK, 
and every vertex of a Pk is a point in X Non-vertex points in X lie on sides 
of the Pk. Let 
X,=XnP, and nk = ixki? k = 1, . . . . K, 
so n=n,+n,+ ... +nK. 
We first count points in A(X) that lie on the Pk. 
LEMMA 1. If Pk is two-dimensional then IA(X) n Pkl > 2n,. rf Px. is 
one-dimensional then 1 A(X) n P,J 2 2n, - 1. 
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Proof. Every point in Xk and every midpoint between points in Xk that 
are adjacent on P, is in A(X) n Pk. 1 
We next count points in A(X) that lie strictly between adjacent 
perimeters. For each k < K let B, be the interior of the convex hull of 
P k+ 1. 
LEMMA 2. If k-cK and Pk+, is two-dimensional, then [A(X) n i?,l 2 
nk + nk + , . Zf K> 1 and P, is one-dimensional, then (A(X) A B,_ ,I 2 
n,.-,+2n.-2. 
Proof Suppose k < K and Pk + I iS two-dimensional. Choose p E Xk + , 
Draw a line segment from p to each point in Xk for which the interior of 
the segment is in Bk. Proceeding clockwise from p around Pk+ I, do 
likewise for each new point in X,, r with the additional restriction that no 
new line segment cross one already in place. It is easily seen that, in the 
clockwise sense, the final point of X, connected to a point in Xk+ r is the 
initial point of X, connected to the next point in X,, , . This is illustrated 
at the top of Fig. 1. Each point in X, receives one or more line segments. 
NONCROSSING LINE SEGMENTS 
WITH MIDPOINTS IN S,, 
PK-l 
b 
NONCl?OSS.ING LINE SEGMENTS 
WITH MIDPOINTS IN SK-, 
FIGURE 1 
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The latter excess over nk caused by the “final point . . . initial point” multi- 
plicities is precisely the number of adjacent pairs in X, + 1, i.e., nk + 1. Hence 
there are nk +nk+, segments. Since no two of them cross and their 
midpoints are in Bk, IA( Bkl ~n,+n,+,. 
Suppose K> 1 and P, is one-dimensional. If nK = 1, each of the nK- I = 
nK-, + 2n, - 2 midpoints of the line segments from the point in P, to each 
of the nK-l points in X,_, is a distinct point in A(X)n B,_,. Suppose 
nK > 2, and with no loss of generality presume that P, is a horizontal line 
segment with end points p and q as pictured at the bottom of Fig. 1. 
Choose a, bo X,-, so that a lies above the extension of P, and b lies 
below the extension of P,. Draw line segments between a and each point 
in X,, between b and each point in X,, between p and each point in X,- 1 
clockwise on P,- I from a to b exclusive, and from q to each point in X,- 1 
counterclockwise on P,- 1 from a to b exclusive. The number of line 
segments is 2n, + (nK-, - 2). Since none of them cross and their midpoints 
are in B,-,, JA(X)nB,_,( >nK-1+2n,-2. I 
Suppose K> 2. Then Lemmas 1 and 2 yield informative lower bounds on 
a(X). In particular, if P, is one-dimensional then 
a(K)> $ 2n,-1+Kf2 (nk+nk+l)+(n,-,+2n,-2) 
k=l k=l 
=4n-n,-3; 
if PK is two-dimensional then 
a(X)> f 2nk+Kf1 (nk+nk+l)+ y 
k=l k=l 
=4n-n, -n,+ Y, 
where Y is the number of points in A(X) interior to the convex hull of P,. 
A slight elaboration yields 
LEMMA 3. Suppose c > 0. Then for every finite XG R* for which K> 2 
and IL n XI -c cn for every Iine L in R2, 
a(X) 2 4n - n, - 2cn. 
Proof: Assume the hypotheses for X. Then 2 < cn, or - 3 > -4 > -2cn, 
so if P, is one-dimensional then the desired conclusion follows from the 
first inequality for a(X) stated just prior to the lemma. Suppose P, is 
two-dimensional, so that the second inequality for a(X) obtains. Clearly 
Y 2 0 if nK = 3 (P, a triangle); Y > 1 if nK = 4. If nK > 5 then line segments 
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from a fixed point in X, to the other points in X, show that Y > nK - 2cn 
since at least nK - 2cn of these segments are wholly interior to the convex 
hull of PK except at their ends. Hence Y-n,>, -2cn in all cases, so 
a(X)>4n-n,+(Y-n,)>4n-n,-2cn. 1 
Lemma 3 is one of two key results used in the next section to prove the 
theorem for m = 2. The other is a complementing proposition that deals 
with the n, term in Lemma 3 and handles the case of K = 1 with P, two- 
dimensional. We state it in a suitably general form. 
LEMMA 4. Suppose A4 is a positive number. Then there is a c > 0 for 
which the following is true. For every finite two-dimensional T E R’, if every 
point in T lies on the perimeter P of the convex hull of T and (L n T\ < c / Tl 
,for every line L in R*, then 
IA(T)l > ~4. ITI. 
ProoJ: Assume that T with cardinality t is a finite two-dimensional sub- 
set of the plane and all points in T lie on the perimeter P of its convex hull. 
Let ck = 2P2k. We will prove that if 1 L n TI < ck t for every line L in the 
plane then 
IA(T)1 >(k-;) t. 
Since k - 3/2k + co, this suffices to prove the lemma. 
We proceed by stages to obtain bunches of points in A(T) that lie on the 
interior of the convex hull of P. To begin, we presume that c > 0 is small 
and that IL n TI < ct for every line L. Since this requires 2 < ct, t must be 
large. 
Let L,, be a line through points a, b E T that approximately bisects P in 
the sense that each half-space determined by L, contains about t/2 points 
of T. Reorient P without loss of generality so that Lo is horizontal. Let q 
and p be maximum-distance points from L, in T above and below Lo, 
respectively. The part of Lo between a and b, and the line segment between 
q and p, partition the convex hull of P into four parts that we refer to as 
“quadrants” aq, qb, bp, and pa. These are illustrated in the top part of 
Fig. 2. 
A few steps will fix the general procedure. 
Step 1. Draw line segments from q to each point in T on or above Lo, 
and from p to each point in T on or below L,. Since p and q could be 
vertices of P at ends of linear strings of nearly ct points in T, the number 














of distinct points in A(T) gotten as midpoints of the drawn line segments 
and interior to P is at least 
t - 4ct. 
Step 2. Draw line segments from a to each point in T counterclockwise 
from q to p exclusive, and from b to each point in T clockwise from q to 
p exclusive. In quadrant bp consider the vertical component of the 
midpoint of each line segment from b downward. That component is on or 
above the line L1 that is parallel to L, and bisects the perpendicular from 
p to LO. At the same time, the vertical component of the midpoint of each 
line segment from p up to the right, prior to b, is strictly below L,. Hence 
there is no duplication of b-downward midpoints and p-upward midpoints 
in quadrant bp. Since a similar conclusion holds in the other three 
quadrants, it follows that the number of new points in A(T) obtained from 
the line segments from CI and b that are interior to P is at least 
t - 4ct - 4. 
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The final -4 here accounts for the fact that none of a, h, p, and q receives 
one of our new segments. 
Step 3. We now focus on quadrant bp but note that what we do here 
is repeated in each of the other three. Suppose there is a point dE T 
between b and p in the bp quadrant whose vertical component is greater 
than p’s. If such a d does not exist, our method will undercount A(T), and 
this will not affect our final result. Given d, draw line segments from d to 
each other point in T strictly between b and p. Let y denote the vertical 
component of the midpoint of a line segment upward from d as illustrated 
on the bottom of Fig. 2. If a line segment down from b (Step 2) crosses our 
d-upward segment, it must terminate above d and hence its vertical compo- 
nent will be higher than y. And if a line segment up from p crosses our 
d-upward segment then its vertical midpoint component will be lower than 
y. In like manner, the midpoints of d-downward segments do not duplicate 
any from Steps 1 and 2. Aggregation of this procedure over the four 
quadrants adds at least 
t-get-8 
new points in A(T) that are interior to P. 
Step 4. For quadrant bp we use two new points e and e’ in T as line 
segment generators with between b and d, and e’ between d and p. The 
segments from e go from b to d exclusive, and those from e’ go from d to 
p exclusive. The preceding logic of non-duplication of midpoints persists 
and gives a total of t - l&t - 16 or more new interior members of A(T) for 
Step 4. The number of line segment generators doubles at each step, and 
the new interior additions to A(T) at step k is at least t - 2kct - 2k. 
Summation over the first k steps gives 
IA(T)1 >kt-2k+‘ct-(2k+1-4) 
>kt-2k+1(l +ct). 
Therefore, when c=c~=~-‘~, we have from - 1 > -t2-2k-’ (via 2 <ct) 
and -ct = -t2-2k that 
IA(T)1 >kt-r2~k-t2-k+’ 
In other words, if IL n T\ < 2-2kt for all lines L, then (T+ TJ exceeds 
t(k - 3/2k). 1 
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3. FWXIF OF THE THEOREM 
To prove the planar theorem let 1 be given, 2 < A< 4. We wish to choose 
c > 0 so that U(X) > In for all two-dimensional Xs IX2 that are finite and 
have JL n XJ < cn for all lines L in R2. 
We partition all finite two-dimensional XC R2 into two classes, C1 with 
K = 1 and C2 with K > 2. We note the existence of a suitable c1 for class 
C1 and c2 for class Cz. Then c = min{ c, , c2} will suffice for both classes. 
Suppose XE C,. Take M= 4 in Lemma 4 with T= X to obtain c1 > 0 
that assures U(X) > 4n whenever (L n X[ < tin for all lines L. 
Suppose XE C2 henceforth, and recall that X, = X n P, with n, = /X1 1. 
Let c,, = (4 - 1)/4. By Lemma 3, if 1 L n XI < con for all L then 







a(X)a4n- - ( ) 2 n-n, >In, 






n,3 - n ( ) 2 . 
(*) 
(**) 
Consider (**) further. Let M= 8/(4-A). Then, by Lemma 4, there is a 
c’ > 0 such that if ) L n Xi 1 < c’n 1 for all L, then 
If (**) holds, this gives a(X)> [A( >4n, which suffices for the desired 
conclusion. 
Given q, and c’ let 
c2=min {co, (7) c’>, 
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and consider any XE Cz for which JL n XI < c2n for all L. By Lemma 3, 
cr(X)>4n-n,-2c,n 
2 4n -it, - 2c,n. 
If the rightmost inequality of (*) holds then, as before, a(X) > An. If that 
inequality fails, then (**) holds. Suppose this is so. Then, by (**) and the 
definition of c2, 1 L n X, 1 < c2n for all L implies 
~Lf7X~~<[(~)cf][(~jn,]=c’nl for all L. 
Hence, by the end of the preceding paragraph, U(X) > 4n. Therefore, 
whether (**) or its contradictory holds, we conclude that cc(X) > An 
whenever XE C, and 1 L n XI < c2n for every line L in R2. 
This completes the proof of the theorem. 
4. DISCUSSION 
The preceding proof approach does not extend easily to subsets of UP 
for m Z 3. Lemma 4 appears to have a straightforward generalization to 
higher dimensions, but a suitable counterpart to Lemma 3 that combines in 
the desired way with Lemma 4 (generalized) seems elusive. I encourage 
other to consider this further. 
Grabiner [3] has observed that a proof by induction on m allows one 
to conclude that if 2 < J. < 4, and if c > 0 satisfies the Theorem at 2, then 
for every finite XS R”, if (L n X( < c 1x1 for every line L in R”, then 
Lx(X) > I pq. 
As for m = 2, more detailed computations based on the preceding proof 
can yield reasonably large values of c for specific values of R. For example, 
when A = 3, it is not hard to show that c = & suffices in the theorem, and 
it might be possible to get c to around 4. By way of comparison, it may be 
noted that the detailed statement of Freiman’s claim (not given above) 
specifies c = 1/[9(12)“] = l/186,624 for A = 3. 
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